
Research Statement

Emerald Stacy

My research area is algebraic number theory. The notion of height functions was first introduced
by Cantor in 1874, which he used to prove that the cardinality of the algebraic numbers is smaller
than the cardinality of the real numbers [5]. Since then, height functions have been used to prove
the Mordell Conjecture (now called Falting’s Theorem) [3], and seem to be useful in proving the
abc conjecture [6], and the Birch and Swinerton-Dyer conjecture [2]. My research focuses on small
heights of totally p-adic numbers, as described below.

Background

A height function gives a measure of how arithmetrically complicated a number is. In particular,
for a

b ∈ Q in lowest terms, we define the height of a
b to be

h
(
a
b

)
= log max{|a|, |b|}. (1)

For rational numbers, height is comparable to how many bits are needed to store the value of the
number.

To extend this notion of height to all algebraic numbers, we must use the machinery of places,
since there is no way in general to write an algebraic, irrational number as a ratio of integers. Let
α ∈ Q, and K a number field with α ∈ K. Then

h(α) =
∑

v∈MK

log+ |α|v

where the sum is over a complete set of suitably normalized absolute values on K. If α is an
algebraic number over Q with a minimal polynomial that splits completely over R, then we say α
is totally real.

Example. Note
√

2 has minimal polynomial x2− 2 with roots ±
√

2, so
√

2 is totally real. Further,
3
√

2 is not totally real since x3 − 2 has two non-real roots.

In 1973 Schinzel [7] proved that if α is totally real, with α 6= ±1, 0, then

h(α) ≥ 1
2 log

(
1+
√
5

2

)
with equality if α = 1+

√
5

2 .
Let x ∈ Q, p be a prime, and write x = pk a

b , where a, b, k ∈ Z, and p - ab. Then the p-adic
absolute value of x 6= 0 is |x|p = p−k. Just as R is a completion of Q under the traditional

archimedean absolute value, |x|∞ =
√
x2, Qp is the completion of Q under the p-adic absolute

value. Let α ∈ Q. If the minimal polynomial of α splits completely over Qp, we say that α is
totally p-adic. Bombieri and Zannier [4] proved that an analogue to Schinzel’s Theorem holds in
Qp for each prime p, although the analogous best possible lower bound is unknown.

Small Heights of Totally p-adic Numbers of Degree 2 or Degree 3

Let p be prime, and choose an integer d ≥ 2. Then we define τd,p to be the minimal height among
all totally p-adic, nonzero, non-root of unity, algebraic numbers of degree d. Such a number is
known to exist for all combinations of p, d. The first result completely classifies τ2,p through a
congreuence condition on p.
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Theorem 1 (S. ’16). Given a prime p,

τ2,p =

{
1
2 log

(
1+
√
5

2

)
if p ≡ 1, 4 (mod 5)

1
2 log 2 p ≡ 0, 2, 3 (mod 5).

In attempting to determine what can be said for τ3,p, instead of a congruence condition with a
closed form solution, we have two theorems that will detect if a cubic polynomial splits completely
over Qp. These theorems yield an algorithm to determine, in a finite number of steps, τ3,p for a
given prime p.

Theorem 2 (S. ’16). Given a prime p ≡ 1 (mod 3), let f(x) = x3 +Ax+B ∈ Q[x] be irreducible
over Q. Then f splits completely over Qp if and only if −B

2 ±
√
B2 + 4A3/27 are cubes in Qp.

Theorem 3 (S. ’16). Let p be a prime with p ≡ 2 (mod 3), let f(x) = x3 + Ax + B ∈ Q[x] be
irreducible over Q, and let ζ be a primitive 3rd root of unity. Then the polynomial f splits completely
over Qp if and only if −B

2 ±
√
B2 + 4A3/27 are cubes in Qp(ζ) \Qp.

Small Heights of Totally p-adic Abelian Numbers

If d = 2, then τd,p can be determined by reducing p (mod 5). In the case where d = 3, we expect
the same cannot be said, since all Galois groups of degree 2 poylnomials are abelian, but the same
does not hold for degree 3.

Let α ∈ Q. We say that α is abelian if Q(α)/Q is Galois with abelian Galois group. We define
τabd,p to be the minimal height among all totally p-adic, nonzero, non-root of unity, abelian, algebraic

numbers of degree d. Note that τd,p ≤ τabd,p since we are taking the minimum over a larger set when
we include non-abelian numbers.

In 2000, Amoroso and Dvornicich [1] proved that is α is a nonzero, non-root of unity, abelian,
algebraic number, then h(α) ≥ log 5

12 . This bound is perhaps not the best possible. The lowest

known height of an abelian number is log 7
12 .

By the Kronecker-Weber Theorem, every abelian extension of Q is contained within a cyclotomic
extension of Q. Using this, we prove the following theorem.

Theorem 4 (S. ’17). For each d ≥ 2, {τabd,p | p is a rational prime} is a bounded set.

Corollary 1. For each d ≥ 2, {τd,p | p is a rational prime} is a bounded set.

By the Northcott property, we can deduce that {τabd,p | p is a rational prime} and {τd,p | p is a rational prime}
are thus finite sets. By Theorem 4, we know there exists some Md ∈ R with τabd,p ≤M for all primes
p, with equality achieved for some p. This can be taken one step further, however.

Theorem 5 (S. ’17). For each d ≥ 2 there exists Nd ∈ Z such that τabd,p depends only on p (mod Nd).

For example, τab3,p can be determined by reducing p modulo 228, 979, 643, 050, 431.

Future Questions

There are many questions in this area which remain open. The questions I intend to tackle next
are:

1. Is it certain that there does not exist Nd ∈ Z such that τd,p depends only on p mod Nd?

2. Does there exist some M > 0 such that for all primes p, τ3,p ≤M?

3. What can be said about the sequence {τd,p}∞n=1?

4. Fix a prime p. Does there exist some M > 0 so that lim supd→∞ τd,p < M?
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